This report presents a theoretical analysis for the behavior of long, circular, cylindrical shells of sandwich construction under axial compressive loads. The analysis is designed to evaluate the effects of the relatively low shearing moduli of sandwich cores on buckling stresses. Families of curves are presented for use in designing shells of sandwich construction having isotropic facings and orthotropic or isotropic cores.
Introduction
In the design of aircraft and guided missiles, it was found necessary to devise a method of determining the stress at which curved sandwich panels subjected to axial compression become elastically unstable. It is known that, for thin, homogeneous materials, a curved form greatly increases the critical load as compared to a flat sheet of the same approximate size. A , similar increase may be expected for curved sandwich panels. Although this report applies primarily to sandwich construction for aircraft, the results are general and apply to any structures of the type considered.
This report presents a theoretical analysis of the behavior of long, circular, cylindrical shells of sandwich construction under axial compressive loads and an experimental confirmation of this analysis by tests on curved panels of sufficient size to include at least one ideal buckle. Thus, these panels are assumed to simulate the action of complete cylinders.
The buckling of a homogeneous, isotropic, thin-walled cylinder was treated by von Karman and Tsien (16) 1 and by Tsien (13, 14) in related papers. These authors assumed, in addition to the wave form of the classical theory, inward buckles of diamond shape to represent the characteristic buckles that are actually observed. They used an energy method to determine the critical compressive stress. This method, in which only diamond-shaped buckles are used, was applied by March (7) to cylinders made of plywood, an orthotropic material. Particular attention was paid to the effect of initial irregularities that contribute to the observed scatter of experimentally determined critical stresses of both isotropic and orthotropic cylinders.
In this report, the effect of shear deformation in the core of a sandwich cylinder is taken into account by employing an approximate "tilting" method. This method was used by Williams, Leggett, and Hopkins in their analysis of flat sandwich panels (18) and by Leggett and Hopkins in their analysis of flat sandwich panels and cylinders (4). It amounts essentially to assuming that the transverse components of shear stress are constant across the thickness of the core. The form of buckles assumed by Leggett and Hopkins (4) in the cylinder is different from that assumed in this report.
The core and facings are taken to be orthotropic, with two of their natural axes parallel, respectively, to the axial and circumferential directions of the cylinder. The facings, which may be equal or unequal in thickness, are assumed to be thin, but their flexural rigidities are not neglected, as these may be of importance in certain cases. All stress components in the core are neglected except the transverse shear components. It was pointed out by Reissner (12) that the stress component in the core normal to the facings may be of importance in the analysis of sandwich shells. Preliminary calculations indicate that the effect of this component is small in the problem under consideration.
As was done in work described by Forest Products Laboratory Report No. 1322-A (7), initial irregularities are assumed to be present and to grow under increasing compressive load until buckling occurs. For a discussion of this important matter, the reader is referred to that report and, in particular, to the observations of the growth of artificially produced initial irregularities. Also as described in report No. 1322-A, a large deflection theory is used to take into account the nonlinear support associated with the curvature of the shell, as discussed by von Karman, Dunn, and Tsien (17) . The derivations of the differential equation for a stress function and of the expression for the energy of deformation are extensions of the analysis used by von Karman and Tsien (16) for the homogeneous, isotropic cylinder to the sandwich cylinder composed of orthotropic materials. Suitable modification is made for the effect of shear deformation in the core of the sandwich.
Theoretical Analysis

Choice of Axes Notation
The choice of axes is shown in figure 1, the coordinate y being measured along the circumference. The notations for stress and strain are those of Love's treatise (5). The components of displacement in the axial, circumferential, and radial directions, respectively, are u, v, and w, the latter being positive inward. Since initial irregularities of the cylindrical surface are assumed, the symbol wo is used to denote the initial distance, measured radially, of a point of the middle surface from a true cylindrical surface of radius r, and the symbol w to denote the corresponding distance at any stage of the deformation. The thickness of the core is denoted by c and that of each facing by f / and f 2 , respectively.
Extensional Strains and Stresses
Expressions can now be written for the extensional strains uniform across the thickness of the cylindrical shell and for the corresponding mean membrane stresses. On these will be superposed a system of flexural strains, (1) (2) (3) (4) and the energy of deformation associated with each system of strains will be found. The stress components Xx , Y and X in (14) are derived from a stress function F, satisfying the differential equation (12) , which involves derivatives of wo and w representing the initial and deformed middle surface of the shell. Fo`r w, the inward radial deflection, the following form will be chosen: The nodal lines of the trigonometric portion of equation (15) are shown in figure 2. The displacement w is positive inward. In equation (16) , a and b represent the length and width, respectively, of a diamond. The initial irregularities will be assumed to have the form (15) . This is done for the purpose of simplifying the calculations. Then wo is chosen in the following form:
wo = g + 6 cos 2 03y -ax) cos 2 ((3y+ a%) r o o An initial flat spot on the surface of the cylinder could be described roughly by equation (17). An initial irregularity was introduced here, as it was in report No. 1322-A (7), to obtain a qualitative description of its influence in causing an isolated buckle to develop in its vicinity. If the initial depth of an irregularity of the form (17) is very small, the dimensions of the area that it occupies are not very important. For this reason in order to simplify the calculations, the dimensions a and b in equation (17) are taken to be the same as those in equation (15) . From the qualitative description that is obtained of the development of an isolated buckle, conclusions were drawn in report No. 1322-A that led to the derivation of the final formulas from the analysis for the case wo = 0.
The details of substituting (15) and_ (17) in (12), of obtaining the stress function F and the stress components X x , Y , and X of substituting these stress components in equation (14), and of relat ed oper at i ons are identical with the corresponding operations performed in report No. 1322-A (7). Reference is therefore made to equations (21) and (31) Oxay A discussion of the approximations involved will be found in a paper by Donnell (1). These expressions were used by von Karman and Tsien (16) and by March (7). The expressions (30) are exactly those used in calculating the flexural energy of a flat sandwich plate. The approximate flexural energy of such a plate was found by March (9) and by Ericksen and March (2) by using the "tilting" method of Williams, Leggett, and Hopkins (4, 18).
In this method it is assumed that any line in the core that is initially straight and normal to the undeformed plate will remain straight after the deformation, but will deviate in the x and y directions from the normal to the deformed plate by amounts that are expressed by the parameters k and k'. These parameters are determined by an energy method. These "tilting" factors k and k' are introduced as well as two quantities q and q' that determine the positions of the surfaces in which, respectively, the components u and v of the displacement in the core vanish. The letters k' and q' replace h and r, respectively, of report No. 1583-B, because h and r have already been used in the present report. The following derivation of the expression for the flexural energy follows closely that used for the flat sandwich panel in Forest Products Laboratory Report No. 1583-B (2), to which reference is made for further details. For the sake of simplicity in writing, the initial irregularity w 0 will be for the present taken equal to zero. It will then be introduced in the final steps by replacing w by w -wo.
The components of displacement in the core ( fig. 3 ) are taken to be:
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Thus t = q denotes the surface in which the components of displacement in the x direction vanish and k is the parameter describing the inclination in the x direction of the respective plane sections to the normal to the deformed surface.. Similarly q' and k' are related to the displacements in the y direction. These four quantities are to be determined in such a way that the flexural energy associated with a prescribed deflection w is a minimum.
To arrive at expressions for the components of displacement in the facings, it is noted that the continuity of the displacement at the facing-to-core bonds requires that the components (31), evaluated at t = 0 and = c, shall be those at the inner surfaces of the facings f i and f 2 , respectively. Within each facing, the components of displacement are -assumed to be such that a straight line initially normal to the undeformed surface of the plate will be straight and normal to the deformed surface. Accordingly, the components of displacement in the facings f, and f 2 , respectively, are: The components of strain in the core c and facings f 1 and f 2 will be denoted by the superscripts c, 1, and 2, respectively.
From (31), the transverse shear strains in the core are:
The effect of the remaining strains in the core is assumed to be negligible.
In finding the strain energy of the facings in the bending of the plate (or shell), it is convenient to consider the components of strain in the facings to result from the superposition of two states of strain. The first of these consists of the membrane strains in the facings associated with flexure, that is the strain in their middle surfaces. From (32) and (33), these strains are found to be: where for the material under conside Ex and Ey are Young's moduli; fix and 6d a-are Poisson's ratios. xy ration (core or facing), X = 1 -; II rigidity; r, and . are moduli of rigidity; yx PrimeciTaters will denote the elastic (38) constants of the core material and unprimed letters will denote those of the facing material. The integration indicated in formula (38) is to be carried out over the area OABC of figure 2 and the thickness of the core or facings.
The energy in the core is obtained by substituting expressions (34) into (38), the remaining strains in the latter formula being neglected as previously stated. After integrating with respect to over the thickness of the core, the expression for the energy, denoted by Uc , is
The strain energy in the facings associated with the membrane strains is the sum of the energies obtained from (35) and (36). With the substitution of these expressions into (38) one obtains, after integration with respect to t, the following expression which is denoted by UM.
The strain energy in the facings associated with the flexural strain, U, is obtained by substituting expressions (37) into (38) and integrating over and U c .
For equilibrium, the "tilting" factors k and k' and the ordinates q and q' of the neutral surfaces are to be chosen so that the total energy is a minimum. But these factors appear only in the flexural energy W 2 . Hence, they must be chosen to satisfy the conditions On factoring out the common factor, it is found that: 2W2 = r 2 (6 -6 0) 2 ab [ 13 1 1 (kq) 2 + 2B 2 ' (kq) (k'q') + B 3 ' (k'q')2 + 2B 4 ' (kq) k + 2B 5 ' (kq) k' + 2B 5 ' (k'qt ) k + 2B 6 1 (k'qe) B 7 k2 + 2B 8 9 kk +B 9 ' + 2B lo t (kq) 2B11.' and that 2W 2 is equal to the right-hand member of equation (A25) of that report multiplied by r 2 (6 -6 0) 2 ab. It is concluded from equations (A26), (A27), and (A28) of report No. 1583-B that:
where I, If , and 4 are defined by:
(59) The following transformations are made by using equations (20) and ( 
The coefficient of the expression in brackets in equation (59) is also transformed by using equations (20) The mean compressive strain c is expressed by: The following method of arriving at the critical value of p is based upon an extended discussion in report No. 1322-A (7). Briefly, it was considered that an isolated initial irregularity would increase in size and depth with increasing mean compressive stress p. It was therefore considered that the load-mean compressive strain curve, with p as a function of e, for a given small initial depth of irregularity would be the envelope of the family of curves for p as a function of e, drawn for a series of values of q by combining equations (71) and (72). On taking into consideration the possibility of jumps from one energy level to another, it was concluded that the critical values of p would scatter considerably, as they actually do in test, depending upon the depth of the initial irregularity and the characteristics of the loading process. It was noted that the value of p at the relative minimum point on the envelope of the curves for p as a function of c, drawn for t o = 0, was intermediate among the possible critical values of p. This minimiWn was accordingly chosen as the "theoretical" critical stress, because it could be conveniently determined by finding a relative minimum of p as a function of t and It is necessary to employ numerical methods to determine the relative minimum value of p.
In report No. 1322-A (7), the aspect ratio z of the buckles was assumed on the basis of experimental observations before the minimization of p was undertaken. Here, because of the influence of shear deformation in the core, a suitable value to assign to z can not be estimated. Equation 
where 32 ,2 2y3
The mean compressive stress, p f , in the facings is related to the mean compressive stress in the shell by th-6 equation
Pf (f l f 2 ) ( 
76) P
On recalling the definition of Ea. , it is seen that equation (74) In equation (79), K is a function of n and z, which occur in the definitions of 11 1 , y2 , y 3 , ana. y4. By using the definitions of the quantities E a , Eb, and p.m that appear through the symbols A, B, and C in the equations 76), (27), and (28), the following expressions are obtained for y i , y2 , and y3 (see equations (71) In obtaining the expression for y 4 from equations (63) and (70), it is convenient to introduce the notation- 
1 If a is taken to be -4 , then: For constructions for which the shear deformation in the core is negligible, as it is when p.I tx is very large and 0 is finite, S x may be taken equal to zero.
Then expression (93) can be minimized with respect to n, resulting in:
Thus, Ko is a function of M 1 and M2 and the stiffness of the sandwich. It was found by computation that a relative minimum of M 1 M2 = 0.24 occurs at z = 0.95. The minimum buckling stress is then proportional to: For values of Sx ranging from 0 to about 0.6 it was found that equation (128) did not give lowest minimum values. In this range of S x the minimum values were obtained from equation (124) by use of a digital computer.
The value of N given by equation (128) and the value of the stress given by equation (129) are independent of the radius of the cylinder and are the usual critical values associated with shear instability of the core (15) .
The value of 8 of 0.4 and its reciprocal 2.5 were used in the calculations because they apply to honeycomb cores oriented with the weak direction and the strong direction parallel to the length of the cylinder. It has been noted from figures 4 and 6 that in the range of small values of S x where N is independent of c/h, the orientation of the core makes little difference in the value of N.
Application of Theoretical Results
The compressive facing stress at which buckling of cylinders of orthrotropic sandwich construction occurs is given by equation (77).
Pf = KEx
where Ex is modulus of elasticity of facings in axial direction, h is sandwich thickness, r is mean radius of curvature, and K is given by formula (79 , f is facing thickness, E is modulus of elasticity of thickness, (c + 21), r is mean radius of curvature, rigidity of core associated with shear strains in the
The graphs can be used with little error for determining N for constructions having facings of unequal thickness, provided S_ is calculated using formula (60) and Q i is calculated using equation (119).
The analysis may be extended to apply at stresses greater than the proportional limit stress of the facings by use of an appropriate tangent or reduced modulus of elasticity for the facings. This entails a "trial-and-error" solution involving use of the tangent or reduced modulus in the quantity S and elsewhere until the resultant facing stress is compatible with the stressmodulus curve.
Results of the theoretical analysis fall approximately into three zones, depending upon whether there is no shear deformation in the core (S x = 0), some shear deformation in the core (small values of S x), or considerable shear deformation in the core (large values of SO. -For no shear deformation, the buckling stress is determined essentially by means of the isotropic or orthotropic theory (depending upon facing properties) with the stiffness determined by considering the spaced facings of the sandwich.
For large shear deformations, the critical stress is associated with instability of the core in shear. This has been observed for sandwich constructions in general (15) , and it has been found that the mean critical stress thus determined is the same, regardless of the original assumption of the buckled shape. The smallest value of S x at which the critical stress is determined by shear instability of the core, however, is greatly affected by the assumed form of the buckled shape. The inclusion of the stiffnesses of the facings If gives rise to the family of curves for different values of c/h, as shown in figures 4, 5, and 6, instead of a single curve. 1.1 the stiffnesses of the individual facings had been neglected, one curve only, that for c/h = 1, would have resulted. The percentage increase in buckling stress due to the stiffnesses of the individual facings increases as the shear deformation increases. For small shear deformations, the increase is negligible.
From the reasoning involved in the theory leading to equation (77), considerable scatter in the experimental values of the critical stress is to be expected because of the effect of initial irregularities. Similar scatter is exhibited by homogeneous cylindrical shells, for the same reason.
The possibility of failure by wrinkling of the facings at a stress lower than that predicted by equation (77) should be considered.
The analysis in this report involves a number of approximations and assumptions. Such procedures are necessary until a more rigorous treatment of the problem is developed. A completely rigorous treatment of the buckling of a homogeneous cylindrical shell is still lacking, in spite of the noteworthy contributions of von Karman and Tsien.
Tests of Curved Panels
The large size of complete circular, cylindrical shells having realistic facing and core thicknesses and curvatures could not be adapted to the available testing apparatus. Therefore, axial compressive tests were conducted on rectangular panels curved to various radii. The dimensions of these panels were chosen so that their widths and lengths were large enough to include at least one buckle of a size predicted by theory (b> 2 n r 2 and a irr ) as shown w zn in table 2.
It was then assumed that the curved panel would behave approximately as a complete cylinder. The type of edge support (described later) was such as to produce no clamping.
Test Specimens
The test specimens were essentially of isotropic construction having facings of clad 24ST aluminum alloy on cores of either balsa wood, oriented so that the grain direction was normal to the facings, or of corkboard of three different densities. Corkboard cores were chosen, because their low moduli of rigidity afforded means of exploring shells in which sizeable reductions of buckling stresses, caused by large core shear deformations, could easily be obtained. These corkboard cores had shearing moduli of 1,500, 950, and 320 pounds per square inch, as compared to 15,000 pounds per square inch for the end-grain, balsa-wood core. The specimens were manufactured by the bag-molding process. Detailed description of techniques and bonding adhesives used in this process are given in Forest Products Laboratory Report No. 1574(3). The curvature was attained at the time of molding by using a steel mold curved to the desired radius. A strip of aluminum 1 inch wide and 0.032 inch thick was bonded to the facings at each end of the specimen. This was done to facilitate machining of the specimen ends and also to prevent local end failure during the test. The ends of the specimens were machined square and true in a milling machine.
Testing
The vertical edges of the specimens were held straight by loose-fitting wood guides. These guides were approximately 2 inches by 2 inches in cross section and of lengths 1/4 inch shorter than the test specimen. They were grooved in the lengthwise direction with grooves approximately 1/4 inch deep and wide enough to allow the guides to be slipped onto the edges of the test specimen. No attempt was made to clamp the vertical edges by fitting the guides tightly.
The lower ends of specimens not wider than 30 inches were placed on a heavy flat plate, which was supported by a spherical bearing placed on the lower head of a hydraulic testing machine. The heads of the testing machine were then brought together until the specimen just touched the upper platen with no load indicated. Adjustments were made on the spherical base until no light could be seen between the ends of the specimen and the loading heads. Screw jacks were then placed under the lower loading plate to prevent tilting of the plate while the load was being applied to the specimen. A single thickness of blotting paper was inserted at the ends of the specimen to help prevent local end failures. The load was then applied slowly until failure occurred.
Specimens wider than 30 inches were tested between the heads of a fourscrew, mechanically operated, testing machine. No spherical bearing was used. The specimens were cut as true as possible. If light could be seen between the ends of the specimen and the heads of the testing machine, shims of paper or brass were inserted until the gap was closed. These wide specimens were also very long; therefore, small irregularities in the end bearing were absorbed early in the test without causing large variations from uniformity in the stresses in the facings.
Results of Tests
The facing stresses at the failing loads of the curved panels are given in table 2. For later comparison with theoretical values, the parameter N was calculated for each test specimen by using the formula N5Q1pfr 4Eh where E 10,000,000 pounds per square inch (modulus of elasticity of facings)
The visible failures of the specimens were of a type caused by buckling. Large, thin specimens actually showed large buckles, which disappeared after release of load. The appearance of these buckles always caused a sudden drop in the load. Small, thick specimens showed buckling, followed immediately by a crimping appearance at the edges of the buckle. This crimping was undoubtedly due to shear failure of the core caused by high stresses induced in the sandwich by the buckle. Many of the thick specimens exhibited no visible signs of buckling but showed similar crimping. The rapidity of failure occurring immediately upon buckling undoubtedly prevented visual observation of the buckle itself. Similar behavior was observed for cylindrical shells of plywood (11).
Comparison of Theoretical and Experimental Results
The theoretical and experimental values of N are given in (18) ). This reduction in scatter may be attributed to a greater total thickness of shell. Thus, irregularities that depart from the true cylindrical surface of the order of the thickness of the shell are less likely to occur in sandwich shells than in thin, homogeneous shells.
Conclusions
The buckling stress of long, thin-walled, circular cylinders of sandwich construction in axial compression can be found with satisfactory accuracy by the formulas and curves of the approximate theoretical analysis of this report.
Curved panels of sizes large enough to include at least one ideal buckle 2/rr 2.rrr (b -and a 7,-) buckle at stresses approximately equal to those of a zn long, complete cylinder. 
